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ABSTRACT: The validity of the correction for the interaction parameter g of the Flory-Huggins free
energy (Langmuir 2003, 19, 5240) was examined by taking the contributions of spatial variation in the
volume fraction into account. Developing the statistical-mechanical view of the invariance conjecture
and the Landau expansion with the nonanalytic coefficients for the polymer solutions, we showed that
the chain-length dependent correction term H in the interaction parameter g was reasonably introduced.
We derived the explicit function form of H as a function of chain-length and temperature to be consistent
with the critical power laws for both the concentration difference and the diameter in coexisting phases.
It was successfully applied to the systems polystyrene in methylcyclohexane and poly(methyl methacrylate)
in 3-octanone.

I. Introduction
Determination of the free energy of mixing for poly-

mer solutions and precise prediction of their thermo-
dynamic behavior have been of great interest from both
academic and practical aspects1 and are still challenging
both theoretically and experimentally.2,3 Mean-field
theories, such as the Flory-Huggins(FH) theory, have
made a considerable contribution to this subject, since
these theories enabled us to predict some basic ther-
modynamic behaviors of the polymer systems, especially
the chain length dependence.

The free energy of mixing per site based on the FH
theory is expressed as4

where the unit of energy is kBT (kB and T are, respec-
tively, the Boltzmann constant and the absolute tem-
perature). φ and P are the volume fraction and the chain
length of the polymer, respectively. The presence of the
system specific parameter g0 in eq 1 makes the FH-
based theory a powerful tool to analyze the polymer
solution systems. Koningsveld and Kleintjens have
proposed the following expression5

where a and c are the parameters independent of T and
P, and b has a dependence on T. In terms of the system
specific parameters bi (i ) 0, 1, 2), the temperature
dependence of b(T) is expressed as6

For polystyrene solutions, all the system specific pa-
rameters were determined and the polymer length
dependence of the critical point Tc ) t(P) and φc ) u(P)

was correctly derived.5,6 Therefore, we can predict the
critical point from the FH-based theory.

However, the FH theory fails to express the critical
behavior, since large fluctuations appearing in the
critical region are neglected in the mean-field theories
inclusive of the FH theory. In the language of statistical
mechanics, the FH theory neglects the contributions of
spatial variations in the polymer volume fraction to the
partition function by selecting out of all possible con-
figurations only the one that gives the largest term in
the partition sum. Hence, in the FH theory, only the
most probable configuration is taken into account and
all the fluctuations from the most probable configuration
are neglected. As is well-known,7,8 to analyze the critical
behavior correctly, we should consider the fluctuations
carefully.

Near the critical point a variety of systems exhibit a
universal behavior, since the range of the fluctuations
of the order parameter becomes much larger than the
microscopic scale of any molecular interactions in the
critical region. This principle of critical universality has
been applied to develop the equations of state and the
free energy of fluids and fluid mixtures.7,8 Therefore,
to bridge the gap between the universal asymptotic
regime near the critical point and the mean-field limit
is very important.9 It is, however, difficult in principle,
because the scales of time and space, which need to be
taken into account, are considerably different between
the two regimes. To start with challenging this subject,
it is worth noticing the experimental fact that the power
laws around the critical point have been successfully
applied in a wide range of concentration and tempera-
ture. Sengers, Anisimov, et al. proposed a scaling
description of phase separation of polymer solutions,
and discussed the crossovers both from the mean field
behavior far apart the critical point to the critical
behavior near the critical point and the critical behavior
at finite chain length to the tricritical behavior at
infinite chain length.3 They derived a modified free
energy based on the Flory-Huggins type and the virial
expansion using system-dependent crossover param-
eters. The observed coexistence curves were well ex-
pressed by their theory except for the region far apart
from the critical point because of the higher-order term.
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b(T)

1 - cφ
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b(T) ) b0 + b1/T + b2T (3)
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Their approach is physically smart, but it is rather
complicated in application to each polymer solution. It
is also an important aspect to derive simple expressions
of free energy with examined validity.

In a previous paper,10 we introduced a chain length
dependence H(P,T) of the interaction parameter g in the
free energy of mixing fmix for polymer solutions based
on the FH equation by taking account of the universal
behavior of the concentration difference of the coexisting
phases near the critical point:

The newly introduced term H(P,T) may have a nonana-
lytic dependence on the temperature and the chain
length. In the phase coexistence region, it behaves as

where τ ) (T - Tc)/Tc is the reduced temperature. The
coexistence curve calculated from the resultant free
energy for the system of polystyrene in methylcyclohex-
ane agreed with the observed one semiquantitatively.

The essential ideas introduced in the previous paper
are as follows.

Idea 1: Introduction of the Landau expansion with
nonanalytic coefficients.

Idea 2: Introduction of the invariance conjecture for
the form of the free energy of mixing.

The Landau expansion in the idea (idea 1) is the
expansion of the free energy of mixing in powers of ∆φ
) φ - φc as

where Jφ ) ∂fmix/∂φ. The coefficient D is given by

By searching the value ∆φeq of ∆φ minimizing the
“Landau free energy” ∆fmix, we have the coexistence
curve φ ) φc + ∆φeq. In the conventional Landau
expansion, the coefficient BR is analytically expressed
as BR ∝ τ. This leads to the classical behavior of the
coexistence curve; ∆φeq ∝ x|τ|. Of course, the classical
behavior does not agree with the experimental results.
The experimental results require the behavior ∆φeq ∝
P-0.23|τ|0.332. The observed critical behavior can be
obtained from the free energy (6) with assuming that
BR ) kP-0.46|τ|0.664. Let us call the Landau expansion
with nonanalytic coefficients, “nonanalytic Landau ex-
pansion”, in the present article. The constant k depends
on the solvent and the monomer constituting the
polymer chains but does not depend on the polymer
chain length. Therefore, once the value of k is obtained
from the coexistence curve of the solution of a certain-
length polymer, the behavior of the coexistence curves
near the critical point of the solution of arbitrary-length
polymers is precisely predicted by means of the free
energy. In this sense, the nonanalytic Landau expansion

is practically very useful. However, the statistical-
mechanical base beyond the semiempirical theory is not
clear.

The idea (idea 2) is that the spatial variation in the
volume fraction may change the parameter properties
such as the value and the analyticity but could not
change the form as a function of the volume fraction;
all the contributions of the spatial variation could be
renormalized into the parameters. It is natural to choose
this conjecture as a guiding principle to bridge the gap
between the universal asymptotic regime near the
critical point and the mean-field limit since the conjec-
ture guarantees the derivation of the correct critical
point. The temperature T and the chain length P are
not renormalized, since they are regarded as the exter-
nal control parameters (the external fields). Therefore,
the spatial variation effect is renormalized into the
parameters in the term g0 expressing the strength of
the interaction between the polymer and the solvent,
and the values of the parameters in g0 give the correct
critical temperatures and critical volume fractions. A
new parameter H also should be introduced into g0 as
shown in eq 4, since this type of the correction does not
change the form of the free energy. Hence, the “renor-
malized” FH free energy (4) is reasonably obtained.

The invariance conjecture is a powerful tool to analyze
the systems that are expressed by the coarse-grained
Hamiltonian and have no characteristic scale lengths
longer than the coarse-grained length. The biomem-
brane system is one of such systems. Suzuki and
Izuyama studied the elastic properties of biomembranes
by means of a statistical-mechanical method based on
the invariance conjecture.11 They have derived the
renormalization group equation and have succeeded in
explaining the existence of stable vesicles on the basis
of the equation. This is an excellent example showing
the validity of the invariance conjecture. As discussed
in the next section, the polymer solution systems are
also expected to be analyzed validly by the invariance
conjecture.

The present article has three aims. The first aim is
to clarify the meaning of the invariance conjecture (idea
2) introduced in the previous article by discussing the
relation between the microscopic picture and the coarse-
grained picture of the polymer systems, and the relation
between the coarse-grained picture and the free energy
of mixing statistical-mechanically. In the statistical-
mechanical approach, we do not pay attention to the
calculation method but to the “structure” of the statisti-
cal-mechanical approach. In the statistical-mechanical
approach, the FH type free energy is regarded as a local
free energy in the coarse-grained picture. All the
parameters in the FH type free energy as the local free
energy are “bare”. To obtain the final form of the free
energy of mixing, the spatial variations in the volume
fraction should be renormalized into the local free
energy. To perform this renormalization, we introduce
a renormalization hypothesis for the critical line. On the
basis of the scale invariance of the local free energy, the
form of the free energy of mixing obtained finally is
expected to be similar to that of the FH free energy.
Then, it is required that the final form of the free energy
of mixing should be obtained by minimal modification
of the FH free energy. In the present article, this
requirement is called the invariance conjecture. We
choose this invariance conjecture and the renormaliza-
tion hypothesis as the guiding principles to evaluate the

[fmix(φ;T,H) ) (1 - φ)ln(1 - φ) + φ

P
lnφ + g(1 - φ)φ

g ) g0 + H(P,T) ) a +
b(T)

1 - cφ
+ H(P,T) ]

(4)

H ∝ P - 0.46|τ|0.664 (5)

[fmix ) Jφc
|T)Tc

∆φ + ∆fmix

∆fmix ) fmix|T)Tc
,φ)φc

+ 1
2
BR∆φ

2 + 1
4!

D∆φ
4 ] (6)

D ) 2
(1 - φc)

3
+ 1

P
2

φc
3

+ 24
c2b(Tc)(c - 1)

(1 - cφc)
5

(7)
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free energy of mixing. This type of nonperturbative
method is a practically powerful technique.

The second aim is to show a statistical-mechanical
basis of the nonanalytic Landau expansion (idea 1). The
statistical-mechanical analysis not only verifies the
nonanalytic Landau expansion but also predicts the
polymer chain length dependence of the critical phe-
nomena both below and above the critical temperature.

The last aim is to derive the form of H(P,T) correctly
expressing the coexistence curve in a wider-temperature
region according to idea 2. As lowering the temperature,
the calculated coexistence curve using eq 5 deviates
from the observed one to the dilute side. This deviation
results from a significant contribution of the deviation
of the diameter from the rectilinear law.12 To improve
eq 5, we take notice of the universal behavior of the
diameter. The invariance conjecture makes it possible
to express the term H(P,T) by the “form” of the FH free
energy, the concentration difference and the diameter
explicitly. Using the universal power law behaviors of
the concentration difference and the diameter, we derive
the explicit function form of H(P,T). It is applied to the
systems of polystyrene in methylcyclohexane (PS/MCH)
and poly(methyl methacrylate) in 3-octanone (PMMA/
3-OCT), for which precise coexistence curves were
reported.6,13

II. Statistical-Mechanical Approach:
Introduction of Two Guiding Principles.

Why Does the FH Type Approach Predict the
Critical Point Correctly? In principle, the free energy
of mixing should be derived from the microscopic
Hamiltonian for polymer solutions by means of the
statistical mechanical method. However, to perform this
procedure is evidently quite difficult. To abort the
difficulty, we could introduce various types of ap-
proximations. Although the approximation methods
always allow us to analyze only restrictive properties,
it is still important to obtain an overall picture and a
concrete plan.

The FH theory is, in a sense, an approximation
method to derive the thermodynamic properties from a
microscopic polymer-solution model. Concerning the
phase diagram, we can predict only the critical point
by the FH theory; the critical point is a restriction
property correctly analyzed by the FH theory and the
shape of the coexistence curve, i.e. the critical behavior
of the coexistence curve, is not. By the FH type ap-
proach, it might be impossible to obtain the correct
critical behavior as well as the critical point. However,
we should pay attention to the “critical point” predicted
by the FH theory with the Koningsveld-Kleintjens (KK)
parameters again before abandoning the FH type ap-
proach. We derive the “function forms” of the critical
temperature Tc ) t(P) and the critical volume fraction
φc ) u(P) with respect to the chain length P although
the number of the KK parameters is finite. Precisely
speaking, we can determine the KK parameters by
means of the experimentally observed critical temper-
ature and the critical volume fraction. For the experi-
mental data whose number is larger than the number
of the KK parameters, the KK parameters are consis-
tently obtained. This ability of the FH type approach is
quite attractive.

The ability is not due to the mean-field approximation
method itself but due to the “form” of the free energy

since the KK parameters are determined by “fitting”.
Hence, in the language of the field theory, it means that
the FH free energy with the KK parameters is suitably
“renormalized” by means of the experimental data for
the critical point. To clarify the meaning of the “renor-
malization”, let the statistical-mechanical view of the
renormalization be shown. From now on, let us call the
FH free energy with the suitable KK parameters the
FH free energy simply.

Coarse Grained Picture. The statistical mechanics
of polymer solutions has been discussed on the basis of
the lattice model. Usually the simple cubic lattice is
chosen. The lattice size and the lattice constant are
respectively taken to be L × L × L and a0. Let us
consider an npoly-polymer system composed of nseg seg-
ments sitting on the lattice. Position of the jth segment
in the ith polymer is denoted by Rij. In terms of Rij, the
Hamiltonian of the polymer solution is denoted as
Hmicro({Rij}). The volume fraction φ of the polymer
chains is defined by the occupation of the lattice site
and is given by φ ) npolynseg/L3. On the basis of the
microscopic model, the partition function of the system
is given by

Regarding n0 neighboring-lattice-sites as a cell whose
position r is defined by the center of the cell and
introducing the number of the sites occupied by the
polymer chains in the cell nj(r), we can define the local
volume fraction field æ(r) ) nj(r)/v0, where v0 ) n0a0

3 is
the volume of the cell. Note that 0 eæ(r) e1/a0

3. We use
the local volume fraction instead of the configuration
of the segments Rij as the statistical mechanical vari-
able. In the coarse-grained limit v0 f 0, the cell point r
is regarded as a point in the space with volume V )
L3a0

3. The coarse-grained Hamiltonian in units of kBT
may be generally given by

where the term 1/2κ̂|∇æ|2 with a positive coefficient κ̂
expresses the cell-cell interaction in the view of the
lattice picture and the effect of the spatial variation in
the view of the local volume fraction picture. The term
U represents the free energy per site of the polymer
system in a cell. The partition function for the system
with the mean volume fraction φ is given by

where N ) L3 is the total number of the lattice sites
and the symbol for “the functional integral” stands for

The partition functions (8) and (10) should be the same.
Thus, the coarse-grained Hamiltonian Φ is expressed
in terms of the parameters in the microscopic Hamil-
tonian Hmicro({Rij}).

Z(φ) ) ∑
Rij

exp(-
Hmicro({Rij})

kBT ) (8)

Φ ) ∫d3r [12κ̂|∇æ|2 +
U(a0

3æ)

a0
3 ] (9)

Z(φ) ) ∫D
Dæδ(φ - 1

N ∫d3r æ(r)) exp[-Φ] (10)

∫D
Dæ ) ∏

r
∫0

1/a0
3

dæ (r) (11)
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The free energy of mixing per site in units of kBT is
given by

where Zm(φ) is the partition function of mixing given
by

By using the Legendre transformation, the delta func-
tion in the functional integral (13) can be removed

where

with

and

The external field Jφ corresponding to the chemical
potential difference of the polymer and the solvent is
defined by the solution of the equation;

The mean field calculation for the microscopic lattice
model (8) corresponds to the saddle point evaluation of
the path integral (16). Therefore, we can expect to obtain
the FH type free energy form by the saddle point
evaluation. Then, the cell free energy of mixing Ũ should
have the following form (see Appendix)

where the KK parameters with the hat symbol are the
“bare” parameters and they are independent of temper-
ature and chain length.

Renormalization Hypothesis. As mentioned be-
fore, the bare parameters can be related to the micro-
scopic parameters in Hmicro({Rij}). However, the rela-
tionship is not worthy to be considered because the

microscopic parameters are unknown and are usually
estimated from macroscopically observed data. The
similar (but not the same) situation appears in the
quantum electrodynamics. In the quantum electrody-
namics, since the electron is decorated by the electro-
magnetic field, the observed charge and mass are always
influenced by the electromagnetic field and the calcu-
lated quantities are expressed in terms of the observed
variables through expressing the bare variables by the
observed ones (the renormalization method).

The critical line is obtained by the simultaneous
equations

From the above equations, the chain length dependence
of the critical temperature and the critical volume
fraction, Tc ) t(P) and φc ) u(P), are obtained. It has
been shown that the polymer chain length dependence
of the critical point derived from the FH free energy with
adequately chosen values of the KK parameters agrees
with the experimental results very well.5,6 Therefore,
let us adopt the following renormalization hypothesis.
All the bare parameters are determined so that the
critical-line equations (eq 23) are equivalent to those
in terms of the FH free energy

Comparing eq 23 expressed in terms of the bare
parameters with eq 24, we can write the bare param-
eters in terms of the observed parameters, a, {bi}i)0,1,2
and c

When we evaluate the free energy of mixing by means
of the saddle point method, we have only the simple
relations; â ) a, b̂i ) bi, ĉ ) c. Since κ̂ does not influence
the free energy in this approximation, the value of κ̂ is
not determined.

Invariance Conjecture. The free energy form de-
rived by the FH type approach is the simplest form
satisfying the above renormalization hypothesis; the FH
type approach predicts the critical point correctly. To
obtain the correct critical behaviors in addition to the
critical point, the spatial variation term 1/2κ̂|∇æ|2 should
be taken into account. Thus, the approach beyond the
FH type approach is required. As the method beyond
the saddle point analysis, the loop expansion method
has been known well. Since the loop expansion alone
gives only the mean-filed type critical phenomena and
the renormalization equation such as the Callan-
Symanzik14 required additionally to obtain the
correct critical phenomena cannot derive the free en-
ergy, this type of approach is not suitable for our aim.

fmix ) 1
N

{- ln Z(φ) - [- φ ln Z(1) - (1 - φ) ln

Z(0)]} ≡ - 1
N

ln Zm(φ) (12)

Zm(φ) ) ∫D
Dæδ(φ - 1

N ∫d3r æ(r)) exp[-Φ -

φ ln
Z(1)
Z(0)

- ln Z(0)] (13)

fmix ) f̃mix(Jφ) + Jφφ (14)

f̃mix(J) ) - 1
N

lnZ̃(J) (15)

Z̃(J) ) ∫D
Dæ exp[- Φ̃] (16)

Φ̃ ) ∫d3r [12κ̂|∇æ|2 +
Ũ(a0

3æ)

a0
3

- Jæ] (17)

Ũ(a0
3æ) ) U(a0

3æ) + a0
3æ1

N
ln

Z(1)
Z(0)

+ 1
N

ln Z(0) (18)

∂f̃mix(Jφ)
∂Jφ

) - φ (19)

Ũ(φ) ) (1 - φ) ln(1 - φ) + φ

P
ln φ + ĝ0(1 - φ)φ (20)

ĝ0 ) â +
b̂(T)

1 - ĉφ
(21)

b̂(T) ) b̂0 + b̂1/T + b̂2T (22)

∂
2fmix

∂φ
2

) 0

∂
3fmix

∂φ
3

) 0 ] (23)

∂
2fFH

∂φ
2

) 0

∂
3fFH

∂φ
3

) 0 ] (24)

[κ̂ ) κ̂(a,{bi}i)0,1,2,c)
â ) â(a,{bi}i)0,1,2,c)
b̂j ) b̂j(a,{bi}i)0,1,2,c) (j ) 0,1,2)
ĉ ) ĉ(a,{bi}i)0,1,2,c) ]
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To construct a new method, we pay attention to the
cell volume v0, the coarse-grained size in the coarse-
grained picture. The cell size v0 is determined so that
we obtain the cell free energy of mixing with the same
form as the FH free energy. We obtain the cell free
energy in the coarse-grained scale v larger than v0 by
performing the functional integral with respect to the
variables with the wavelength between the scale v0 and
v. The form of the new-scale cell free energy may be
different from the FH free energy. However, it is
naturally expected that the cell free energy in the scale
v′ larger than the scale v have the same form as the
cell free energy in the scale v since there are no
characteristic scale length in the scale larger than v0.
From the relation between the cell free energies in the
scale v and in the scale v′, it is also expected that we
can express the cell free energies in the scale v0 and in
the scale v in the same form by adding some parameters
(they will be denoted by r0, r1, ∆j, and H later) into the
cell free energy in the scale v0. Hence, in the scale larger
than v0, the form of the cell free energy is invariant with
respect to the scale change. When the scale v becomes
the volume of the system V, the cell free energy becomes
the free energy of mixing fmix. This leads to the result
that the forms of the invariant cell free energy and of
the free energy of mixing are the same. Hence, we
assume that the form of the free energy fmix be similar
to the form of the FH free energy; the free energy could
be obtained by minimal modification of the FH free
energy.

However, by just using the the invariance conjecture,
we cannot obtain the form of the free energy of mixing.
Then, we note the renormalization hypothesis again. Let
the renormalization hypothesis, the equivalence be-
tween (23) and (24), be regarded as the condition that
the correct free energy fmix should be satisfied as well
as the condition to evaluate the bare parameters. This
idea is also a powerful tool to derive the free energy of
mixing. In the present article, we evaluate the form of
the free energy of mixing fmix on the basis of the two
guiding principles, the invariance conjecture and the
renormalization hypothesis.

III. Critical Point and Invariant Form of the
Free Energy of Mixing

At first, let us express the phase separation phenom-
ena in terms of the field theory to introduce some
notations used later. Using eqs 14 and 19, we have the
equation of state

where fmix
(1) (x) ) ∂fmix(x)/∂x. From (25), we have the

volume fraction as a function of the chemical potential
J; φ ) φ(J). However, the solution of the equation φ(J)
is not always obtained uniquely. The presence of mul-
tiple solutions shows a possibility that the uniform
phase is thermodynamically unstable and the phase
coexistence appears. When at a line J ) j(T) in the J-T
plane the two limits limJfj(T)-0 〈a0

3æ(r)〉J ) φ+ and
limJfj(T)+0 〈a0

3æ(r)〉J ) φ- are different, the two phases
with the volume fractions φ+ and φ- coexist (φ+ > φ-),
where 〈OJ〉 stands for the average of the quantity O with
respect to the action Φ̃. The quantity j(T) stands for the
value of the chemical potential when the two phases
coexist. The coexistence chemical potential line J ) j(T)
and the volume fractions φ+ and φ- are obtained from

the simultaneous equations:

Above the critical temperature Tc, only one solution
exists; the point (Jc() j(Tc)),Tc)(the critical point) is an
end point of the coexistence chemical potential line J )
j(T). Next, let us search the function form of fmix(φ)
whose critical line of eqs 23 are equivalent to eqs 24.
We have found a simple form of fmix(φ)

where the prefactor r0 and the factor ∆j are independent
of the volume fraction φ, and the correction term
K(P,T;φ) is a function whose first, second and third
derivatives with respect to φ vanish at the critical point
simultaneously. The factor ∆j(P,T) stands for the ad-
ditional correction to the chemical potential; the “renor-
malized” chemical potential is given by

where Jφ
FH is the chemical potential for the FH free

energy. The correction ∆j and the prefactor r0 do not
change the coexistence curve φ ) φ+ (T) and φ ) φ- (T),
since (fmix - ∆jφ)/r0 satisfies eq 26 when fmix does. Thus,
the coexistence curve does not depend on the correction
∆j and the prefactor r0. However, r0 is required to obtain
the correct critical behaviors for the specific heat and
the “susceptibility” øφ ≡ (∂2fmix/∂φ2)-1. Note that the
prefactor r0 also modifies the chemical potential as
shown in eq 28.

Let the rest of the present section be devoted to
discussing the invariant form of the free energy of
mixing. In the previous paper,10 the form of the FH free
energy itself was chosen as the invariant form. To take
account of the prefactor r0 and the chemical potential
correction ∆j, however, more generalized form as the
invariant form is required. According to the guiding
principle that the invariant form should be constructed
by minimal modification of the FH free energy, we have
the following generalized form consistent with eq 27

where the term r1 is generated by the spatial variation
in the volume fraction. If no spatial variation is renor-
malized, the prefactor r0 becomes unity and the term r1
vanishes; the “bare” values of them are, respectively, r̂0
) 1 and r̂1 ) 0. Comparing eq 27 with eq 29, we have
the correction term K(P,T;φ) as

In order that the first and the second derivatives of K

f mix
(1) (φ+) ) j(T)

f mix
(1) (φ-) ) j(T)

fmix(φ+) - j(T)φ+ ) fmix(φ-) - j(T)φ-
] (26)

fmix(φ) ) r0(P,T)fFH + ∆j(P,T)φ + K(P,T;φ) (27)

Jφ )
∂fmix(φ)

∂φ
) r0(∂fFH(φ)

∂φ ) + ∆j ) r0Jφ
FH + ∆j (28)

fmix(φ) ) r0(P,T)[(1 - φ) ln(1 - φ) + φ

P
ln φ +

g(1 - φ)φ] + ∆j(P,T)φ + r1(P,T) (29)

g ) a +
b(T)

1 - cφ
+ H(P,T) (30)

K(P,T;φ) ) r0H(P,T)(1 - φ)φ + r1 (31)

f mix
(1) (φ) ) J (25)
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with respect to φ vanish at the critical point, H(P,T) is
expected to vanish at T ) Tc.

IV. Nonanalytic Landau Expansion
Near the critical point, the polymer system can be

analyzed by means of the φ 4-theory for the order
parameter field δæ(r) ≡ æ(r) - φc/a0

3. The effective
potential for the system described by the φ 4-theory
based on the action Φ̃ is given by14

Equilibrium thermodynamic state is realized at the
minimum point of the effective potential. Calculating
the effective potential by the saddle point approximation
(the tree approximation), we have the conventional
Landau free energy.

As shown in the Appendix, combining the field
theoretical analysis with the scaling analysis for the free
energy,14-18 we can obtain a novel expansion form of
the effective potential with respect to ∆φ ) φ - φc

with

where Γ0(τ) is the value of the effective potential for φ
) φc, ηn (n ) 1,2) is a constant, and â and δ are the
critical exponents for the three-dimensional binary fluid.
The term q(τ,∆φ) defined by eqs A13-A15 is finite near
and at τ ) 0, and gives only higher order correction with
respect to the last term in the rhs of (33).

The validity of the expression is guaranteed only in
the uniform phase region since the scaling function f1
defined by (A15) (or the function q) can be safely
introduced only in the uniform phase region. To discuss
the coexistence curve, however, the extension of the
above expansion to the phase coexistence region is
required. This difficulty is avoidable by the following
concept. Let us neglect the term q(τ,∆φ) for the reason
that the term is of higher order when the term is
expanded in powers of ∆φ in the uniform region. The
remaining terms

with

are well-defined in the phase coexistence region. There-
fore, ∆fmix is regarded as the “extended” effective
potential expressing the thermodynamic properties in
both the uniform region and the coexistence region near
the coexistence curve. The coexistence curve ∆φ ) ∆φeq
is obtained by minimizing the function f ′m. For τ g0,
f ′m is minimized at ∆φ ) 0 and for τ < 0, a finite value
of ∆φeq is obtained

The above shows the correct critical phenomena for the

coexistence curve. Equation 35 or 36 is regarded as the
Landau free energy having a nonanalytic coefficient.

Let us summarize the derivation procedure of the
nonanalytic Landau free energy from the precise free
energy fmix given by eqs 12 and 13. (i) Expand fmix in
powers of ∆φ. (ii) Eliminate the term proportional to ∆φ
and the higher order terms than ∆φ.4 (iii) Regard the
rest term as the Landau free energy. Presence of the
above procedure, points i-iii, gives the statistical me-
chanical basis on the nonanalytic Landau free energy
and verifies the semiempirical introduction of that in
the previous paper.

V. Behavior of H(P,T) near Critical
Temperature

Correction Term K(P,T;O). The Landau expansion
of the FH free energy is given by

where f FH
c is the FH free energy at the critical point

and B̃ is given by

In eqs 38 and 39, all the coefficients are analytic with
respect to temperature. Therefore, the nonanalyticity
shown in (A12) should appear in the correction term
K(P,T;φ) in eq 27. On the basis of the nonanalytic
Landau expansion, the effective potential near the
critical point is given by feff = ∆fmix ) Γ0(τ) + |τ|θf ′m.
Therefore, the correction term is expressed as

where K(P,T;φc) ) Γ0 - r0f FH
c + (Jc - r0Jc - ∆j)φc.

Since the expression (31) shows that K(P,T;φ) should
be a quadratic polynomial of ∆φ, the following relation
should be satisfied.

Thus, near Tc, r0 should behave as

Then, we have

[fFH ) Jc∆φ + ∆fFH

∆fFH ) f FH
c + 1

2
B̃τ∆φ

2 + 1
4!

D∆φ
4 ] (38)

B̃ )
2b′(Tc)(c - 1)

(1 - cφc)
3

Tc (39)

K(P,T;φ) ) feff(φ) - r0fFH + (Jc - ∆j)φ = |τ|θ ×

(12η1τ|τ|2â-1∆φ
2 + 1

4
η2∆φ

4) - r0(12B̃τ∆φ
2 + 1

4!
D∆φ

4)+

(Jc - r0Jc - ∆j)∆φ + Γ0 - r0f FH
c + (Jc - r0Jc -

∆j)φc ) r0(12η1τ|τ|2â-1|τ|θ
r0

- 1
2
B̃τ)∆φ

2 + |τ|θ(14η2 -

r0τ-θ 1
4!

D)∆φ
4 + (Jc - r0Jc - ∆j)∆φ + K(T,P;φc) (40)

1
4

η2 - r0τ-θ 1
4!

D ) 0 (41)

r0 ≈ 6|τ|θη2

D
(42)

K(P,T;φ) ) r0( 1
12

η1

η2
Dτ|τ|2â-1 - 1

2
B̃τ)∆φ

2 + (Jc -

r0Jc - ∆j)∆φ + K(P,T;φc) (43)

feff(φ) ) fmix(φ) - Jcφ (32)

feff ) Γ0(τ) + q(τ,∆φ) + |τ|θ(12η1τ|τ|2â-1∆φ
2 + 1

4
η2∆φ

4)
(33)

θ ) â(δ - 3) (34)

∆fmix ) Γ0(τ) + |τ|θf ′m (35)

f ′m ) 1
2

η1τ|τ|2â-1∆φ
2 + 1

4
η2∆φ

4 (36)

∆φeq ) (xη1

η2
|τ|â (37)
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Expression of H(P,T). Using eq 31, K(P,T;φ) is
expressed in terms of H(P,T)

Comparing (43) with (44), we have

The chain length dependence of the critical amplitude
∆φ0 of the coexistence curve ∆φeq ) (∆φ0|τ|â is expressed
as

where ∆φ00 is a positive constant depending only on the
species of the monomer and the solvent. The value of
the exponent σ has been obtained experimentally and
does not depend on system specifics; σ ≈ - 0.23.6 By
this result and eq 37, the ratio η1/η2 is given by

Thus, we have

Note that the above expression is valid both above and
below Tc. Hence, the behavior of H(P,T) above Tc can
be expressed in terms of the factor (∆φ00)2 derived in
the previous paper for T e Tc.

Higher Dimension Limit. In the φ 4 theory with the
space dimension larger than four, the values of the
critical exponents are equal to those derived by the
mean field approximation. In this higher dimension
limit, the exponents â and δ respectively become âMF )
1/2 and δMF ) 3. Therefore, the exponent θ becomes θMF
) 0. The coefficients η1 and η2 become B̃ and 6D,
respectively. Then, we have the values of the correction
factors as expected; r0 ) 1, H(P,T) ) 0 and ∆j ) 0. This
analysis shows that the FH free energy of mixing is
exact for polymer solutions in the space whose dimen-
sion is larger than four.

VI. Effective Part of the Free Energy of Mixing
Determination of Function Form of H(P,T) in

Wide Range of Temperature. As shown in the previ-
ous paper and in the previous section, the universal
polymer length dependence of the critical amplitude for
the coexistence curve gives us the method by which the
coexistence curve and the spinodal line for various
chain-length polymer solutions are derived. This is
based on the fact that only the parameter (∆φ00)2 is the
parameter determined experimentally. Once the pa-
rameter is obtained, the coexistence curve and the
spinodal line for the solution of polymer with arbitrary
chain lengths can be derived. However, the coexistence
curve and the spinodal line are correct only near the
critical temperature, because the function form (49) of
H(P,T) determined only with the parameter (∆φ00)2 is

valid near the critical temperature. In the present
section, we derive the function form of H(P,T) valid in
a wider temperature range on the basis of the univer-
sality of the diameter.

Under constant pressure, the coexistence curve is
given by19

By using (29), the above is rewritten as

where fR(φ) is the effective part of the free energy of
mixing (let it be simply called the effective free energy)
and is given by

and f R
(1)(φ) ) ∂fR(φ)/∂φ. The spinodal line is given by the

solution T ) Tsp(φ) of the equation

In terms of fR(φ), this equation is also rewritten as

Thus, only H in all the correction factors is necessary
to discuss both the coexistence curve and the spinodal
line. Since the chain-length dependence of the critical
point is derived from the rest part of the effective free
energy, all the properties relating to the phase separa-
tions are derived from the effective free energy.

In terms of the FH free energy (1), the effective free
energy is expressed as

The form of the free energy is equivalent to that
discussed in the previous paper.10

Using the above and eq 51, we have the expression
of H in terms of φ+ and φ-;10

where f FH
(1) (φ) ) ∂fFH(φ)/∂φ. The independent concentra-

tion variables φ+ and φ- are replaced by x ) φ+ - φ-
and y ) (φ+ + φ-)/2 - φc, each standing for the
concentra-tion difference and the diameter, respectively.
Then theoriginal variables of φ+ and φ- are expressed
using new variables x and y by a set of equations

K(P,T;φ) ) - r0H(P,T)∆φ
2 + r0H(P;T)(1 - 2φc)∆φ +

r0φc(1 - φc) + r1 (44)

H(P,T) ) - 1
12

η1

η2
Dτ|τ|2â-1 + 1

2
B̃τ (45)

∆j ) Jc - r0Jc - r0H(P,T) = Jc (46)

∆φ0 ) ∆φ00P
σ (47)

η1

η2
) (∆φ00)

2P2σ (48)

H(P,T) ) - 1
12

D(∆φ00)
2P2στ|τ|2â-1 + 1

2
B̃τ (49)

fmix(φ+) + (1 - φ+)f mix
(1) (φ+) ) fmix(φ-) +

(1 - φ-)f mix
(1) (φ-) (50)

fR(φ+) + (1 - φ+)f R
(1)(φ+) ) fR(φ-) + (1 - φ-)f R

(1)(φ-)
(51)

fR(φ) ) (1 - φ) ln(1 - φ) + φ

P
ln φ + (a +

b(T)
1 - cφ

+

H(P,T))(1 - φ)φ (52)

∂
2fmix(φ)

∂φ
2

) 0 (53)

∂
2fR(φ)

∂φ
2

) 0 (54)

fR(φ) ) fFH(φ) + H(P,T)(1 - φ)φ (55)

H )
fFH(φ+) + (1 - φ+)f FH

(1) (φ+) - fFH(φ-) - (1 - φ-)f FH
(1) (φ-)

(1 - φ-)2 - (1 - φ+)2

(56)
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Therefore, H is expressed as

The above equation shows that the correction term
H(P,T) can be expressed in terms of the form of the FH
free energy, the concentration difference and the diam-
eter.

To clarify the correction by the diameter to the
expression H(P,T) = 1/2B̃τ + 1/48 Dx2 obtained in the
previous paper, we expand the rhs of eq 59 in a Taylor’s
series with respect to x and y

where

and

In the above, the coefficient of each term is expanded
with respect to τ and only the term with the smallest
power of τ is shown. Note that the terms with odd power
of x do not appear but of y appear in the expansion.

Both the theoretical predictions20-24 and the experi-
mental fact6,13,25,26 suggest a set of function forms of x
and y as

The exponents σ and F are expected to be system-
independent when the chain length is large. For the
exponent σ, it was confirmed that the common value of
σ = - 0.23 was obtained for carefully observed systems
of PS/MCH and PMMA/3-OCT in the experimental
range of chain length between 70 and 5200.6,13

Tricritical Limit. Let us consider the free energy
behavior in the long chain-length limit P f ∞. In this
limit, the critical volume fraction behaves as φc ∝ 1/xP

f 0. Then, the volume fraction in the dilute phase
should be zero. This requires that

in this limit. The expressions 63 and 64 apparently
conflict with this result. This does not mean that the
expressions are incorrect but means that the variables
noticed are different. In the discussion for (63) and (64),
the leading terms for the small reduced-temperature |τ|
f 0 in x ) x(P,τ) and in y ) y(P,τ) are required, but for
the long chain-length limit the leading terms for the long
chain-length P f ∞ are required. The P dependencies
in (63) and (64) show only the leading part for the long-
chain limit in the leading term for the small reduced-
temperature.

Requiring that φ+ should be finite in the long chain-
length limit, we have the result that the P dependence
of φ+ should vanish; the leading terms for the long chain
length in x and y are independent of P. In terms of φ+
in (65), H in the long chain-length limit is obtained

From this expression and eq 51 with φ- f 0 and P f
∞, we have the equation determining φ+

Then, we have the volume fraction in the concentrated
phase:

From this and eq 66, it is found that H ) 0 in the
long chain-length limit. Hence, the spatial variation in
the volume fraction does not correct the phase behavior
for the long chain-length limit. Near the tricritical point,
we have the linear behavior:

where

and the critical temperature Tc(∞) (the Θ temperature)
is obtained from the equation, 2g0 - 1 ) 0.

Region Far Away from the Critical Point. For the
region far away from the critical point, the expressions
given by eqs 63 and 64 are not suitable and the higher
order terms as discussed by Wegner27 are required.
Theoretical derivation of the higher order terms is quite
difficult since many system-specific parameters appear
in the higher order terms. However, the effective free
energy in (55) with (56) gives a solution for the difficulty.
The term H can be numerically obtained from the data
of the coexistence curve observed experimentally. It is
tautological to derive the coexistence curve from the

φ+ ) y + 1
2
x + φc (57)

φ- ) φ+ - x ) y - 1
2
x + φc (58)

H ) [fFH(y + x
2

+ φc) + (1 - y + x
2

+ φc)f FH
(1) (y

+ x
2

+ φc) - fFH(y - x
2

+ φc) - (1 - y - x
2

+ φc) ×

f FH
(1) (y - x

2
+ φc)]/[2x(1 - y - φc)] (59)

H(P,T) = 1
2
B̃τ + [ 1

48
D + ( 1

48
D5 - 1

24
D

1 - φc
)y]x2 +

B̃3τy + 1
2
Dy2 + O(x4) + O(y2x2) + O(y3) (60)

B̃3 )
6cb′(Tc)(c - 1)

(1 - cφc)
4

Tc (61)

D5 ) 6
(1 - φc)

4
- 1

P
6

φc
4

+
120c3b(Tc)(c - 1)

(1 - cφc)
6

(62)

x ) ∆φ00P
σ|τ|0.327 (63)

y ) d00P
F|τ|0.89 (64)

x ) 2y ) φ+ (65)

H )
2g0 - 1

2φ+
- g0 (66)

(1 - φ+)[2(g0 + H) - 1 - 2(g0 + H)φ+] ) 0 (67)

φ+ )
2g0 - 1

2g0
(68)

φ + =
g′0cTc(∞)

g0c
τ (69)

g0c ) g0|T)Tc(∞), g′0c )
dg0

dT |
T)Tc(∞)
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effective free energy obtained by the above experiment-
aided method, but it is worthwhile to derive the entire
phase diagram including the spinodal line. Hence, even
in the region, the effective free energy is useful as a
practical tool to derive the spinodal line from the
coexistence curve.

VII. Application to Polymer Solutions

Carefully observed coexistence curves of nine data
sets for the system PS/MCH6 and six data sets for the
system PMMA/3-OCT13 were used for determining the
function H(P,T). For PS/MCH, the parameters in g0, a,
b(T), and c were determined in a previous paper as a )
- 0.1091, b(T) ) - 0.5832 + 278.6/T + 1.695 × 10-3 ×
T, and c ) 0.2481.25 We determined the parameters in
g0 for PMMA/3-OCT, according to the procedure by
Koningsveld and Kleintjens,5 as a ) - 0.2145, b(T) )
- 0.7950 + 66.48/T - 2.264 × 10-4 × T, and c ) 0.2166,
using the critical point data Tc and φc at various chain
lengths.13 The polymer chain lengths of PMMA were
estimated from the densities of PMMA, 1.188 g/cm2,28

and 3-OCT, 0.822 g/cm2, and the molecular weights
reported in ref 13. The concentration difference of
coexisting phases x and the diameter y were expressed
as x ) 3.54P - 0.212|τ|0.327 and y ) 0.79P0.090|τ|0.89 for PS/
MCH, and x ) 2.67P-0.184|τ|0.327 and y ) 0.80P0.083|τ|0.89

for PMMA/3-OCT in the experimental chain-length
range between 70 and 5200, as shown in Figure 1. The
exponents for the chain length σ and F are slightly
different between the systems PS/MCH and PMMA/3-
OCT. These differences might be a result of finite chain
length of polymers used in the experiments.10 Successful
fittings and resultant master curves shown in Figure 1
for much different polymer solutions support the meth-
odology presented in this paper. All the system-specific
parameters for the systems PS/MCH and PMMA/3-OCT
are summarized in Table 1.

For a demonstration the coexistence curves were
calculated using the effective free energy fR. Equations
51, 52, 59, 63, and 64 with the above numerical values,
as shown in Figure 2, agree with the observed ones
fairly well. The slight difference of the critical temper-
ature observed and calculated for systems b and c in
Figure 2a and b′-f ′ in Figure 2b should be attributed
to the experimental error in determining the molecular
weights and/or small molecular weight distributions.
The deviation of the calculated one from the observed
one for systems i and g results from the higher order
terms in the Wegner expansion,27 a correction for simple
scaling near the critical point. Thus, it is meaningless
to require further agreement at this stage. For system
g, the numerical calculation based on the expression in
the previous paper, H = 1/48 Dx2, is also shown by the
dash line in Figure 2a. The calculation in the present
paper agrees with the experimental result in the tem-
perature region |T - Tc| e 5 K whereas that based on
the previous result only in the region |T - Tc| e 2 K.
The fair agreement of observed and calculated from the
effective free energy permits us to predict precise phase
equilibrium behavior in practical application.

VIII. Summary
Theoretically, phase coexistence curves of polymer

solution systems are derived based on the free energy
of mixing. To obtain correct coexistence curves, it is
necessary to give full consideration to the critical
phenomena since the critical phenomena govern the
behavior of the coexistence curve. The mean-field theo-
ries inclusive of the Flory-Huggins (FH) theory fail to
express the critical phenomena because they neglect the
fluctuations caused by the spatial variation of the
volume fraction of the polymer. In the previous article,10

we have semiempirically introduced a chain-length-
dependent interaction parameter to improve the FH

Table 1. Parameters in the Effective Free Energy of Mixing of (52) and (59)

system a b(T) c x y

PS/MCH -0.1091 -0.5832 + 278.6/T 0.2481 3.54P-0.212|τ|0.327 0.79P0.090|τ|0.89

+ 1.695 × 10-3T
PMMA/3-OCT -0.2145 -0.7950 + 66.48/T 0.2166 2.67P-0.184|τ|0.327 0.80P0.083|τ|0.89

-2.264 × 10-4T

Figure 1. Concentration difference of coexisting phases x (a)
and diameter y (b) as a function of a combination of reduced
temperature and chain length for PS/MCH and PMMA/3-OCT.
The values of the exponent σ and F for each system are given
in the text. The symbols denote the systems a (M ) 10 200)
(solid circle), b (M ) 16 100) (solid square), c (M ) 17 300)
(solid triangle up), d (M ) 20 200) (solid triangle down), e (M
) 34 900) (solid diamond), f (M ) 46 400) (solid hexagon), g
(M ) 109 000) (crosshair), h (M ) 181 000) (circle x-hair), and
i (M ) 719 000) (square x-hair) in ref 5 and a′ (M ) 26 900)
(open circle), b′ (M ) 48 600) (open square), c′ (M ) 95 000)
(open triangle up), d′ (M ) 143 000) (open triangle down), e′
(M ) 227 000) (open diamond), f′ (M ) 596 000) (open hexagon)
in ref 13.
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theory so as to express the coexistence curve correctly.
The theory in the previous paper is based on the

invariance conjecture and the nonanalytic Landau
expansion in a naı̈ve sense. In the present article, we
have developed the statistical-mechanical view of the
two ideas. The meaning of the invariance conjecture for
the polymer solution systems is clarified by introducing
the coarse-grained picture and the renormalization
hypothesis for the parameters in those systems. We
have improved the naı̈ve invariance conjecture and have
obtained the result that the form of the invariant local
free energy with respect to the scale change is not the
same form as the FH free energy. A generalization by
introducing some renormalization parameters is re-
quired. The free energy of mixing renormalized by the

spatial variation is obtained by increasing the coarse-
grained scale to the system size. Then, the generalized
version of the “renormalized” free energy in previous
paper has been obtained. Also in the generalized ver-
sion, the chain-length dependent correction term H in
the interaction parameter g appears.

We have shown a basis of the nonanalytic Landau
expansion by combining the field theoretical analysis
and the scaling analysis for the free energy. Analyzing
the renormalized free energy by the nonanalytic Landau
expansion, the chain-length dependence of the correction
term H in the uniform phase has been newly derived.

Considering the coexistence curve by the renormal-
ized free energy, we have derived the expression of H
and determined the “effective” part of the renormalized
free energy giving us the phase diagram. Using the
universal power law behaviors of the concentration
difference and the diameter, the explicit function form
of H was derived to obtain the correct coexistence curve
in a wider temperature range. The function form was
successfully applied to the systems of polystyrene in
methylcyclohexane and poly(methyl methacrylate) in
3-octanone.

Appendix
Cell Free Energy of Mixing. Let us evaluate the

functional integral Z̃(J) by the saddle point method.14

The saddle point æMF(r) is given by the solution of the
equation δΦ̃/δæ(r) ) 0. Hence,

Since æMF(r) is not expected to have the position
dependence, the above equation is rewritten as

In terms of æj MF ) æj MF(J), we have

Then, eq 19 is rewritten as

Since eq A2 is satisfied for J ) Jφ, eq A4 shows φ )
a0

3æj MF. Hence, from eqs 14, A2, and A3, we have

Thus, the cell free energy of mixing Ũ(φ) is equivalent
to that evaluated by the saddle point approximation.

Let the FH free energy fFH be derived by the saddle
point approximation of the more precise theory ex-
pressed by eqs 14-18. Then, the cell free energy of
mixing in the precise theory and the FH free energy
should be expressed in the same form. This means that
the cell free energy of mixing is expressed in terms of
the Koningsveld-Kleintjens (KK) type parameters, â,
{b̂j}j)0,1,2, ĉ independent of the temperature and the
chain length in the coarse-grained picture. It should be
noted, however, that the KK parameters in the cell free

Figure 2. Coexistence curve observed (open circles) and
calculated from the effective free energy given by eqs 52 and
59 (solid lines) for PS/MCH (a) and PMMA/3-OCT (b). The plot
for the system b in ref 6 is not shown since the plot is quite
close to that for system c in ref 6. The dashed line for system
g is the coexistence curve calculated by the previous theory in
ref 10.

-κ∇2æMF(r) + 1
a0

3

∂Ũ(a0
3æMF(r))

∂æMF(r)
- J ) 0 (A1)

∂Ũ(a0
3æj MF)

∂a0
3æj MF

- J ) 0 (A2)

f̃mix(J) ) Ũ(a0
3æj MF) - Ja0

3æj MF (A3)

(∂Ũ(a0
3æj MF)

∂æj MF
- a0

3Jφ)∂æj MF

∂Jφ

) a0
3æj MF - φ (A4)

fmix(φ) ) Ũ(φ) (A5)
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energy are “bare” and those in the FH theory are
“renormalized”. The temperature T is not renormalized
since it, as well as the volume fraction φ, is the
thermodynamic macroscopic parameter; the tempera-
ture in the coarse-grained model is equivalent to that
in the microscopic model. As discussed in section II, the
renormalization of the KK parameters is performed on
the basis of the chain length dependence of the critical
point, Tc ) t(P) and φc ) u(P). Then, the chain length P
should be free from the renormalization; the chain
length in the coarse-grained model is equivalent to that
in the microscopic model. Hence, in terms of the tem-
perature T and the chain length P introduced in the
microscopic model as the thermodynamic parameters,
and the bare KK parameters independent of T and P,
the cell free energy of mixing is expressed as eqs 20-
22.

Derivation of Novel Expansion Form of Effec-
tive Potential. On the basis of the φ 4-theory, the
expansion form for the effective potential (32) in the
uniform phase region is obtained as

where Γ0(τ) is the value of the effective potential at φ )
φc, Γ(2N)(τ) is the vertex function with zero momentum
and ∆φ ) φ - φc.14 From this we have

Widom has proposed a scaling form15

where the function f1(x) is analytic in the homogeneous
region. Griffiths has derived an expansion form of the
function f1(x) for large x on the basis of the analyticity16

By the ε-expansion method, Brezin et al. have verified
the expansion.17 Substituting (A9) into (A8), we have

Comparing the above with eq A7, we derive the “formal”
expression of the vertex function:18

From (A6) and (A11), we have the expansion form of feff
near the critical point:

For a fixed ∆φ, the terms with N > 3 in the summa-
tion diverge when τ approaches zero. Of course, this
divergence does not show the divergence of feff but show
the invalidity of the expansion in the limit. Let us

introduce a function which is finite near and at τ ) 0

with16

where hj (j ) 0, 1) is the coefficient of the following series
expansion convergent near x ) 0:

Using q(τ,∆φ), we have the expansion form of the
effective potential eq 33.
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